Measurements of Elastic Constants of Thin Al2O3 and SiC/Al Composite using Coupled Ultrasonic Plate Modes by Wang, W. & Rokhlin, S. I.
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An ultrasonic technique utilizing coupled ultrasonic plate modes 
for the measurement of elastic constants has been suggested in our 
previous studies [1-3]. The technique is based on measurements of 
obliquely incident ultrasonic beam zero-transmission angles and 
reconstruction from these angles of the composite elastic constants. 
Such a technique is particularly useful for measuring elastic constants 
of anisotropic plates and it has a unique capacity to measure in-plane 
elastic constants of thin anisotropic plates. 
In this work, the technique is applied to two kinds of thin 
composite plates: a porous anodized aluminum oxide membrane, which has 
honeycomb structure with vertical through-thickness pores, and a SiC/AI 
composite lamina, which has only one row of fibers oriented parallel to 
the plate surface. A comparison between the experimentally determined 
elastic constants and those calculated from theoretical models will be 
discussed. 
THEORY 
Upon oblique incidence of ultrasonic wave dilatational(symmetric) 
flexural (antisymmetric), and quasi-SH (shear) waves can be excited 
in a fluid coupled anisotropic plate. When the normal displacement 
at the back of the plate vanishes due to compensation of the 
symmetric and antisymmetric components of the displacement, a zero 
of the transmission (full isolation) occurs. 
Theory to calculate the transmission coefficient of a plane 
ultrasonic wave through a fluid-loaded arbitrarily-oriented orthotropic 
plate is available [4]: 
T=-~~i~Y-=(~S_+~A~) __ ~ ___ 
(S + i y) (A - i y) (1) 
where S is the symmetric Lamb wave characteristic function for an 
orthotropic plate in vacuum and A is the antisymmetric Lamb wave 
characteristic function for an orthotropic plate in vacuum. Y expresses 
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the effect of fluid loading and depends on the fluid parameters. It is 
apparent that zero transmission occurs when 
S + A = ° (2) 
As one can see from equations (1) and (2), the vanishing of the 
transmission coefficient is not affected by fluid properties. 
EXPERIMENTAL APPARATUS 
The experimental system used for the measurements has been 
described elsewhere [1,2]. The experiment measures the amplitude of a 
doubly transmitted tone-burst signal as a function of incident angle. 
MEASUREMENTS ON POROUS A1203 (COMPOSITE WITH SECOND PHASE ORIENTATION 
NORMAL TO PLATE SURFACE) 
The microstructure of the porous A1203 sample is shown in Fig. 1. 
The average pore diameter is 0.2 ~, the volume fraction of pores is 
about 61%, and the sample thickness is 47 ~m. Because the aluminum oxide 
pores are vertical, through-thickness cylinders, the samples are 
transversely isotropic with the plane of isotropy coinciding with the 
plane of the plate. 
Measurement of In-plane Young's Modulus and Out-of-plane Shear Modulus 
Examples of measured transmission coefficient as a function of 
incident angle are shown in Fig. 2 for several ultrasonic frequencies, 
where Figures 2a and 2b are measured from samples in unsealed and sealed 
states, respectively. In the unsealed state the pores are opened and 
saturated with water during ultrasonic immersion measurement, while the 
pores are closed by a mixture of acrylic spray coating and 0.03 ~m A1203 
powder in the sealed state, making it waterproof during the immersion 
measurement. 
As has been shown in our previous study [1] the in-plane Young's 
modulus can be determined from determination of the zero transmission 
angles. Using the experimentally found Young's modulus and data on the 
maximum-transmission angles, the out-of-plane shear modulus can be 
determined. 
Fig. 1. The microstructure of the thin layer of anodized aluminum oxide. 
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The layer thickness is 47 ~m and the volume fraction of pores is 
about 61%. (a) Top surface. (b) Cross section. 
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Fig. 2. Measured transmission coefficient as a function of incident angle 
at several ultrasonic frequencies. (a) Water-saturated sample. 
(b) Sealed sample (i.e., water-excluded). 
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Measurements of In-plane Shear Modulus 
As shown in Figure 2a a splitting of the transmission m~n~ma has 
been observed in the experimental results on the unsealed samples. 
This splitting, however, disappears in the sealed samples. The 
difference may be related to the presence or absence of fluid filled 
pores. In the unsealed samples, due to the open pore structure fluid is 
free to move in and out of the pores during immersion measurement. Upon 
incidence of an ultrasonic wave, oscillation occurs in the fluid as well 
as in the oxide skeleton. The nature of the fluid oscillation in the 
pores is indicated in Figure 3. We consider a single cylindrical pore 
and take the surrounding medium as an equivalent homogeneous medium with 
effective elastic properties. In the case of radial pressure, which 
arises due to wave resonance inside the pore, the equivalent homogeneous 
medium is subjected to shear stress only. The velocity of the ultrasonic 
wave in the pore will be reduced due to flexibility of the tube walls. 
The sound velocity change was predicted by Lamb (5): 
v v __ G12 __ 
o Ko + G12 
(3) 
1 
where Vo = (Ko/p)r, is the wave velocity in unbounded water, Ko and p, 
respectively, are the bulk modulus and density of fluid (water), and Gl2 
is the shear modulus of the equivalent homogeneous medium. The subscript 
3 denotes the direction along the cylindrical pore; the subscripts I and 
2 denote two orthogonal directions in planes perpendicular to the 
cylindrical pore, as shown in Figure 3. From equation (3), the sound 
velocity in the pore, V, can be calculated as a function of the in-plane 
(i.e., 1-2 plane) shear modulus G12. This is shown as the solid line in 
Figure 4. Conversely, by measuring sound wavelength in the pores, and 
thus the sound velocity V, we can determine the in-plane shear modulus G12 
from equation (3). 
The resonance splitting shown in Fig. 2(a) is explained by 
parametric excitation of a half-wave-thickness resonance of the 
ultrasonic wave in the pore filling fluid. This resonance absorbs energy 
from the main vibrations in the plate and therefore reduces the effect of 
isolation for the transmitted sound (so the amplitude increases in the 
Fluid (Water) Equivalent homogeneous media 
II 
Fig. 3 Schematic illustration of the nature of the fluid oscillation in 
pores. In the case of radial pressure, which arises due to wave 
resonance inside the pore, the equivalent homogeneous medium is 
subjected to shear stress only. 
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Table 1. Elastic constants of anodized A1203' The volume fraction of pore 
is 61%. The unit for the elastic constants shown below is GPa. The coor-
dinate axes are defined such that axis-3 is normal to the sample plate and 
axes 1 and 2 are two orthogonal directions in the plane of the plate. 
Experiment 
Nielsen [6) 
Christensen (7) 
123 25.6 59.2 
125 28.4 58.1 
123 28.3 56.0 
center of the transmission minimum). Determining the resonance frequency 
from the minimum-transmission angle, we then obtain the velocity of the 
compressive wave in the water as 12.7 km/sec. Inserting the velocity 
value into equation (3), we get that the in-plane shear modulus is equal 
to 5.9 GPa. The experimental result is indicated in Figure 4 as the 
solid circle. The in-plane shear modulus can also be estimated, based 
on the volume fraction of pores, by using effective modulus theory. An 
example of the estimated values is shown in Figure 4, where the shear 
modulus calculated by using the three-phase model [6) is 7.1 GPa and is 
shown by the open circle. As can be seen in the figure, the agreement 
between the experimental and estimated values is fairly good. This good 
agreement is not surprising since the three-phase model uses equivalent 
homogeneous media, the same as we have for the porous A1203' A comparison 
between the measured and calculated elastic constants is shown in Table 1. 
MEASUREMENTS ON COMPOSITE WITH SECOND PHASE ORIENTATION PARALLEL TO PLATE 
SURFACE 
The second case we want to study is a fiber-reinforced SiC/AI 
composite. The sample material has only one row of fibers, SiC, embedded 
in the aluminum plate. This is an attempt to determine the applicability 
of effective medium model for estimation of effective elastic constants 
of a composite lamina with a single row of fibers. 
Figure 5 shows the microstructure of the fiber-reinforced SiC/AI com-
posite sample. The second phase, SiC fiber, has an average diameter 65 ~m 
and volume fraction of fiber about 4%. The sample thickness is 0.22mm. 
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Fig. 4. Sound velocity in pore filling fluid as a function of the incident 
plane (1-2 plane in Fig. 3) shear modulus of the equivalent homo-
geneous medium containing the pore. The solid line is given by 
equation (3). The solid circle is experimental data and the open 
circle estimation from three-phase model [6]. 
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Examples of measured doubly-transmitted wave amplitudes as functions 
of incident angle are shown in Figure 6 at several angles of fiber orienta-
tion. The zero-transmission angle increases as the incident plane varies 
from along to perpendicular to the fibers. The polar diagram of transmission 
zero obtained at ultrasonic frequency 3 MHz is shown in Figure 7. We 
simulated numerically the sensitivity of the polar diagram to changes of the 
elastic constants. This is important since one may expect that the inverse 
procedure for elastic constant determination from experimental data has 
meaningful precision only if the data are sensitive to elastic constant 
changes. Examples of such simulations are shown in References [2,8]. 
To reconstruct the elastic constants from the experimental results, we 
use a nonlinear least square optimization in a multi-dimensional space where 
the elastic constants are considered as free parameters and the zero-trans-
mission angles are calculated to curve fit the experimental data. The 
reconstructed effective elastic constants are shown in Table 2. The theor-
etical polar diagram of the zero-transmission angle calculated from the 
reconstructed elastic constants shown in Figure 7 as a solid line. As shown 
in the figure, the agreement between the experimental data and the theoretic-
al result is satisfactory. 
A fundamental question for composite laminates is the applicability of 
using effective elastic moduli of a composite with an infinite number of 
fibers to estimate the elastic moduli of composites with only one or a few 
rows of fibers. This question has been partially addressed previously [9], 
where, however, a numerical study was performed for only one elastic con-
stant and no experimental data were shown. A comparison is shown in Table 1, 
where the models of Christensen [6] and Nielsen [7] are used. As can be 
seen in the Table, the measured and calculated effective elastic constants 
are generally in agreement. 
One should realize that the one row of fibers is located in the central 
plane of a composite plate which is a neutral plane under flexural vibra-
tions. For this reason, for flexural vibrations the average cross-sectional 
and measured effective Young's modulus will be less influenced by the fibers. 
In contrast, in dilatational vibration at low frequencies the measured 
effective elastic properties will depend on the average cross-sectional 
properties of the composite plate. In our method of measurement the zero-
transmission angle depends mostly on the dilatational wave characteristic 
Fig. 5. The microstructure of the fiber-reinforced SiC/AI composite sample. 
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The sample thickness is 0.22 mm, the SiC fiber diameter is 65 ~m, 
and the volume fraction of fiber is 4%. (a) Top surface. (b) Cross 
section. 
Table 2. Elastic constants of fiber reinforced SiC/AI composite. The 
volume fraction of fiber (SiC) is 4%. The unit for the elastic constants 
shown below is GPa. The coordinate axes are' defined such that axis-l is 
along fibers, axis-2 is transverse to fiber and in the sample plane, axis-3 
is normal to the sample plate. 
=================================================== 
Cll C22 C44 C12 C23 Cl3 
Experiment 123 100 25.6 52.5 59.2 57.5 
Nielsen [6] 125 ll5 28.4 58.1 58.8 58.1 
Christensen [7] 123 ll5 28.3 56.0 58.8 56.0 
=================================================== 
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Fig. 6. Examples of measured transmission coefficient as a function of 
incident angle at ultrasonic frequency 3 MHz and fiber orientations 
00, 500, and 900. 
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Fig. 7. Polar diagram of transmission zeros measured and calculated at 
ultrasonic frequency 3 MHz. The discrete points represent exper-
imental data and the solid line calculations using the reconstruct-
ed elastic constants. 
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function since it varies sharply at zero-transmission angle and determines 
the zero of equation (2). Therefore, using plate mode antiresonance the 
average properties across the" plate can be accurately determined. In 
addition, since the plate mode antiresonance technique is insensitive to 
thickness variations [1], the accuracy of the determination of elastic 
constants is not affected by the sample surface roughness. 
SUMMARY AND CONCLUSION 
Interactions between symmetric, antisymmetric and quasi-SH guided waves 
result in occurrence of transmission zeros for an incident ultrasonic wave 
on a thin anisotropic plate immersed in fluid. The phenomenon is utilized 
in this work to determine elastic constants for thin composite plates of 
two types: a porous anodized aluminum oxide membrane, which has honeycomb 
structure with vertical through-thickness pores, and a SiC/AI composite 
lamina, which has only one row of fibers oriented parallel to the plate 
surface. In the former type, the in-plane Young's modulus, in-plane shear 
modulus, and out-of-plane shear modulus were determined. In the latter, 
a set of six elastic constants was determined. Based on the experimental 
results it was found that effective elastic modulus theory for a bulk 
composite with an infinite number of fiber rows can be used to estimate 
the elastic moduli of a composite with only one row of fibers. 
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